Abstract. We show that the minimal dimension of a faithful action of a metacyclic group Z p ⋊Z q , for primes p and q, on a homology sphere coincides with the minimal dimension of a faithful linear action on a sphere; as a consequence, we obtain the analogous result for various finite simple groups.
Introduction
We consider faithful actions of finite groups on integer homology spheres; we are in particular interested in the minimal dimension hd(G) of a homology sphere on which a given finite group G acts, and to compare this with the minimal dimension ld(G) of a linear action of G on a sphere. All actions considered will be smooth, faithful (effective) and orientation-preserving. We consider arbitrary, i.e. not necessarily free actions; we note that, whereas the class of finite groups admitting a free action on a homology sphere is very restricted (since these groups have periodic cohomology), each finite group admits a linear action on a sphere (choosing some faithful linear representation).
It follows from [DH] and [D] that for finite p-groups and finite abelian groups the two minimal dimensions coincide. On the other hand, for certain solvable groups G, hd(G) may be strictly smaller than ld(G); specifically, the Milnor groups Q(8a, b, c) ( [Mn] ) do not admit faithful linear actions on S 3 (neither free nor non-free) but by [Mg] some of them admit a free action on a homology 3-sphere. It is shown in [MeZ2] that for the linear fractional groups PSL(2,3 m ) (m odd) and PSL(2,2 n ) the two minimal dimensions coincide. Our first main result concerns metacyclic groups.
Theorem 1 For odd prime numbers p and q, let G = Z p ⋊ Z q be a semidirect product with an effective action of Z q on the normal subgroup Z p (in particular, q divides p − 1). Then the minimal dimension of an action of G on a homology sphere coincides with the minimal dimension 2q − 1 of a linear action of G on a sphere.
The main tool of the proof is the Borel spectral sequence associated to the G-action.
As an application, we consider some finite simple groups. The minimal dimension of a linear action on a sphere of a linear fractional group PSL(2, p) is (p − 1)/2 if p ≡ 1 mod 4 and p − 2 if p ≡ 3 mod 4, that of an alternating group A n is n − 2 for n > 5. We note that both PSL(2, p) and the alternating group A p have a metacyclic subgroup G = Z p ⋊ Z (p−1)/2 , with an effective action of Z (p−1)/2 on Z p (represented by the upper triangular matrices in the case of PSL(2, p); in the case of A p consider the permutation action of G on the left cosets of the subgroup Z (p−1)/2 of index p). Theorem 1 then implies [C] ).
This naturally raises the following
Question. Does Theorem 1 remain true for metacyclic groups Z p ⋊ Z q , for arbitrary positive integers q? (the minimal dimension should be q instead of 2q − 1 if q is even)
A positive answer to the question would imply that the two minimal dimensions hd(G) and ld(G) coincide for all linear fractional groups PSL(2, p), and also for all alternating groups A p with p ≡ 3 mod 4 (p prime).
For alternating groups of prime power degree p m we obtain the following lower bound for the minimal dimension (significant only if m > 1).
Theorem 2 For a prime power p
m , let A p m be an alternating group acting on a homology n-sphere. If p is odd,
Corollary 2 i) For p = 2 or 3, the minimal dimension of an action of A p m on a homology sphere coincides with the minimal dimension p m −2 of a linear action of A p m on a sphere. ii) For positive integers n ≤ 9, the minimal dimension of an action of A n on a homology sphere coincides with that of a linear action on a sphere.
So the smallest cases which we do not know at present are PSL(2,13) and A 10 . We note that an interesting case is that of A 6 ; it is shown in [MeZ1, section 6] by specific arguments of low-dimensional topology that A 6 does not act on a homology 3-sphere (however, it does act on a mod 2 homology 3-sphere, see [Z2] ). We note that the finite simple (and non-solvable) groups which act on homology spheres in dimension three or four have been determined in [MeZ1, 2, 3 ] (see also [Z3] ): the only simple group which occurs in dimension three is the alternating group A 5 ∼ = PSL(2,5), in dimension four there is in addition the group A 6 ∼ = PSL(2,9). The classification of the simple groups in dimension five is still open. In contrast, it is likely that all groups PSL(2, p) admit an action already on a mod 2 homology 3-sphere, see [Z1], [Z2] for a discussion and various examples for small values of p. We note that every finite group admits a free action on a rational homology 3-sphere (see [CL] ).
2. The Borel spectral sequence and the proof of Theorem 1 2.1 Let G be a finite group acting on a space X. Let EG denote a contractible space on which G acts freely, and BG = EG/G. We consider the twisted product X G = EG × G X = (EG × X)/G. The "Borel fibering" X G → BG, with fiber X, is induced by the projection EG × X → EG, and the equivariant cohomology of the G-space X is defined as H * (X G ). Our main tool will be the Leray-Serre spectral sequence E(X) associated to the Borel fibration X G → BG,
i.e. converging to the graded group associated to a filtration of H * (X G ) ("Borel spectral sequence", see e.g. [Br] ). Now suppose that G acts on a closed n-manifold M ; we denote by Σ the singular set of the G-action (all points in M with non-trivial stabilizer). Crucial for the proof of Theorem 1 is the following Lemma, see [Mc] for a proof (cf. [E1] , [E2] ).
Lemma Suppose that Σ is non-empty; then, in dimensions d > n, inclusion induces isomorphisms
H d (M G ) ∼ = H d (Σ G ).
We come now to the Proof of Theorem 1
The group G = Z p ⋊ Z q has periodic cohomology of period 2q; hence, if G acts freely on a homology n-sphere M , n ≥ 2q − 1. For the proof of Theorem 1 we can therefore assume that the singular set Σ of the G-action on M is non-empty.
Suppose that the group G ∼ = Z p ⋊ Z q acts on a homology sphere M of dimension n < 2q − 1. We will assume that n is chosen minimal in the following; note that this implies that the action of G does not have a global fixed point. We will analyze the pprimary part (the Sylow p-subgroup, shortly called also the "p-torsion" in the following) of the equivariant cohomology of M G and Σ G , and of the Borel spectral sequences E(M ) and E(Σ).
2.3
First we analyze the spectral sequence E(M ) converging to the cohomology of
are concentrated in the two rows j = 0 and j = n where they are equal to H i (G) (since M is a homology n-sphere). In particular, the only possibly non-trivial differentials of
, of bidegree (n + 1, −n).
The metacyclic group G has periodic cohomology of period 2q, and its integer cohomology in odd dimensions is trivial. By [Bw, Theorem III.10 .3] (see also exercises 6 and 9 in chapter VI.9), for the p-primary part of the (integral) cohomology one has, in positive dimensions
Since the action of Z q on Z p is effective, also the action of Z q on H 2 (Z p ) is effective. We denote by t ∈ H 2 (Z p ) a generator of the cohomology ring H * (Z p ), and by σ the action of a generator of Z q on the cohomology H * (Z p ). Then σ(t) = kt, for some k representing an element of order q in Z p , hence σ(t i ) = k i t i and the only powers of t fixed by σ are those divisible by q. Consequently, H * (G) (p) is non-trivial exactly in dimensions divisible by 2q (cf. [Mc] ; see also [E2] for the cohomology of metacyclic groups).
It follows that the only non-trivial terms of (E i,j 2 ) (p) = H i (G; H j (M )) (p) are for i = 0 or n and j divisible by 2q. Since by hypothesis n + 1 < 2q, also the differentials d n+1 are trivial and the spectral sequence E(M ) collapses. Hence in positive dimensions the p-primary part of H * (M G ) is non-trivial exactly in dimensions i + j of the form 2qx (multiples of 2q) and 2qx + n.
2.4
Now we consider the Borel spectral sequence E(Σ) converging to the cohomology of Σ G , with E i,j 2 = H i (G; H j (Σ)). Let F denote the fixed point set of the subgroup Z q of G. Then F is part of a free Z p -orbit Z p (F ) consisting of the fixed point sets of the p conjugates of Z q in G. Note that these fixed point sets are all disjoint (and also disjoint from the fixed point set of Z p ) since otherwise G would have a global fixed point, contrary to our assumption. Now the action of G on the cohomology H j (Z p (F )) of the orbit Z p (F ) ⊂ Σ of F under Z p is induced (or co-induced) from the action of Z q on H j (F ). Hence, by Shapiro's Lemma ( [Bw, Proposition III.6 .2]), the contribution H i (G; H j (Z p (F ))) of Z p (F ) ⊂ Σ to H i (G; H j (Σ)) is isomorphic to H i (Z q ; H j (F )) which contributes no p-torsion to the cohomology of Σ G .
Hence, if the fixed point set of the subgroup Z p of G were empty, E i,j 2 = H i (G; H j (Σ)) and also H i+j (Σ G ) would have trivial p-torsion; since H m (M G ) has non-trivial p-torsion by section 2.3 this contradicts the Lemma.
In the following, we denote by F the fixed point set of Z p which is a mod p homologyA on the fixed point sets of subgroups H are orientation-preserving and hence r 0 −r ≥ 2 (in fact, r 0 − r has to be even).
This concludes the proof of Theorem 2.
